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Abstract. We study tuples of matrices with rigidity index two in Sp4(C), which are 
potentially induced by differential operators of Calabi-Yau type. The constructions of those 
monodromy tuples via algebraic operations and middle convolutions and the related 
constructions on the level differential operators lead to previously known and new examples. 

1. Introduction 

Fourth order differential operators of Calabi-Yau type intend to describe periods of 
one-parameter families of Calabi-Yau threefolds over P 1 minus a finite set of points which admit 
a point of maximally unipotent monodromy at the origin z = 0. The most prominent example is 
the Picard-Fuchs operator for the mirror of a family of quintics in P 4 which was investigated by 
Candelas et al. in |COGP92] . Their amazing results concerning the prediction of 
Gromov-Witten invariants of the family was for many mathematicians a reason to study mirror 
symmetry During the last years, a characterization of those differential operators from a purely 
differential-algebraic point of view as well as a collection of examples was established, see e.g. 
[AESZ05] . [AZ06] and |Bogl2| . This leads to the notion of a CY-type differential operator, see 
Definition 14.11 Those operators are irreducible, self-dual, Fuchsian and their local solutions 
underly further integrality conditions. The majority of known examples of order four was found 
by computer searches and is - from a geometric point of view - still purely understood. A step 
towards a geometric realization can be provided by checking whether the differential operator 
can be constructed from differential operators of lower order by operations which are known to 
preserve their so called geometric origin, see e.g. |And891 Chapter II] for more details. For a 
given differential operator L with finite singular locus ScP 1 , this can be done by looking at the 
associated local system L whose sections are given by h(U) = {/ £ Ofi\g | L(f) — 0} . If this 
local system is physically rigid in the sense of |Kat96j , it can be constructed by a series of middle 
convolutions and tensor products of Kummer sheaves and hence inherits a geometric 
interpretation. Related constructions on the level of differential operators where established 
[BR13j . Moreover, we showed in |BR13] that symplectically rigid local systems which are 
potentially induced by differential operators of CY-type admit constructions which involve more 
general tensor operations. Carrying out these constructions on the level of differential operators 
explicitely, we were able to regain all known examples of CY-type operators which induce such a 
local system. In that spirit and by the notion of the index of rigidity of a local system, this 
article can be seen as a continuation of |BR13j . as it is devoted to potential local systems of 
CY-type operators with index two in Sp 4 (C). As in |BR13j or |DR00] . we rather use a more 
explicit framework for our constructions. Given a local system L of rank n on P 1 \ S, we get an 
associated tuple of n x n- matrices T — (T±, . . . , T r+ \) £ GL n (C) with Yii=i ^ = 1" by the choice 
of an orientation on P 1 , a base point xq £ P 1 \ S and a set of generators 

71 , . . . , 7r+i £ tti (P 1 \S,xq) such that 71 o • • • o y r +i is homotopic to the trivial path. All those 
underlying topological choices induce a equivalence of categories and hence enable us to work 
with the related tuple T, a so called M-tuple. Throughout this article, we are often not specific 
concerning those underlying choices. As many properties of an M-tuple can be read off by the 
Jordan forms of its matrices, we also collect the tuple of Jordan forms associated to an M-tuplc. 
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In the first section, we recall some operations on tuples of matrices and differential operators as 
established in IDROOj . [DR07| and |BR13j . Thereafter, we state possible tuples of Jordan forms 
which arc induced CY-type operators with index two. In turns out, that each of those operators 
admits either three or four non-apparent singularities. Although we only find some exceptional 
examples in the case of three singularities, we provide a construction of a inducing family of 
differential operators for each of the other cases in the second section. The constructions rely on 
special differential operators of order two, so called Heun operators. The third section is devoted 
to the detection of CY-type operators inside the families we constructed before. Due to our 
observations, we end up with a CY-type operator if the operator of order two we started with is 
of CY-type as well. All of the examples of suitable CY-type operators of order two we know are 
provided by algebraic pullbacks of hypergeometric differential operators and the majority of 
them even has a direct geometric interpretation as Picard-Fuchs operators of families of elliptic 
curves with four singular fibers, see |Her91j . In this sense, the resulting CY-type operator also 
inherits a geometric interpretation which should be subject of further studies. Via these 
methods, we are able to reconstruct all previously known examples of fourth order differential 
CY-type operators of this type and provide new examples as well. A major part of the results of 
this article was developed in the first authors PhD-thcsis |Bogl2| . 

Acknowledgements We thank Duco van Straten for constant interest, support and suggestions 
concerning the content of this article. We are also indebted to Cert Almkvist for many inspiring 
conversations and attempts concerning the art of finding CY-type equations as well as his great 
effort to identify them. 

2. Operations 

2.1. Operations on tuples of matrices. We fix some notations and conventions. In the 
sequel, we consider G C GL„(C) to be an irreducible reductive linear algebraic group. A tuple of 
matrices T = (T lf . . . , T r+1 ) G G r+1 is called an M-tuple if 

r+1 

n t * = 

i=l 

holds. The matrix Tj is called the i-th element of the tuple. The rank rk(T) of T equals n. If G 
is a symplectic or an orthogonal group, we call T symplectic, resp. orthogonal, as well. Two 
M-tuples T = (Ti, . . . , T r+1 ) and T' = [T[, T r+1 ) arc equivalent if there is an H G GL„(C) 
such that iJ -1 Ti_ff = T[ holds for all 1 < i < r + 1. We do not distinguish between M-tuples 
which are equivalent to each other. Moreover, we call two tuples of Jordan matrices to be 
similar, if they coincide up to permutation of their matrices and tensor products with M-tuples 
of rank one. For a matrix A £ G, we put 

7 (A) := rk(A ~ l n ) 

and 

6 G (A) := codim(C G (A)), 

the codimension w.r.t. G of the centralizer Cq(A) of A in G. Its Jordan form in GL„(C) is 
denoted by J(^4). For a given M-tuple T, we call 

J(T) := (J(Ti), . . . , J(T P+ i)) G GL„(C) r+1 

the associated tuple of Jordan matrices. Note that this tuple usually is not an M-tuple. We 
study tuples of matrices of the following type 

Definition 2.1. An arbitrary tuple of matrices A — {A\, . . . ,A r+ i) G GL„(C) r+1 is called of 
CY-type if 

(1) A is symplectic for n even and orthogonal for n odd. 

(2) all elements of A are quasi-unipotent. 

(3) one of its elements Ai is maximally unipotent, i.e. J{Ai) = J(n). 
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Note that if T is tuple of CY-type, its associated tuple of Jordan forms J(T) also is. 
As CY-type operators are irreducible, we are mainly interested in irreducible M-tuplcs, i.e. 
M-tuples whose elements generate an irreducible subgroup of GL„(C). Irreducible M-tuples 
undcrly the following condition taken from |Sco771 Theorem 1]. 

Lemma 2.2. Each irreducible M-tuple T = (Ti, . . . , T r +i) £ G r+1 of rank n fulfills 

r+l 

Y / l(T l )>2n. 

i=l 

We also consider the rigidity index of tuples of matrices in G. 

Definition 2.3. Consider a tuple of matrices A 6 G r+l . The positive integer 

r+l 

i G {A) := ^SaiAi) - 2(dimG- dimZ(G)), 

i=l 

where Z{G) denotes the center of G, is called the index of rigidity of A in G. 

If T s GL n (C) r+1 is an irreducible M-tuple, note that «gl„(C)(^) = if and only if T is linearly 
rigid, see e.g. |Kat961 Chapter 1]. 

For a given irreducible M-tuple T G G r+1 , the main operations we are dealing with are tensor 
products T ®T' with other M-tuples T' £ G r+1 and middle convolutions MC a (T) where a £ C*. 
Those operations are discussed in jDROOj . We just recall the related operations on the level of 
tuples of Jordan forms here. Therefore, we denote in the sequel by aJ(k) a Jordan block matrix 
of size k with respect to the eigenvalue a. The direct sum of two Jordan block matrices refers to 
a matrix splitting into those Jordan blocks. If a block aJ(k) in such a decomposition appears 
with multiplicity v we denote that by aJ(k) l/ . All in all we may write 

j= ®aJ(*)"^, 

a<E-E(J) k 

where E(J) is the set of eigenvalues of J. 

We have a natural notion for the tensor product of two tuples J = (Ji, . . . , J r +i) and 
J' = (J[, . . . , J' r+l ) of Jordan forms, namely 

J®J':= (J(Ji ® J[), J( J r+ i Jr+l))- 

Very often, we take tensor products with rank one tuples of the form 

(1, . . . , 1, a, 1, . . . , 1, a -1 , 1, . . . ) for some a G C*. Hence we denote by Kf (a) an M-tuple of rank 
one, which has a as its i-th element, a -1 as its j-ih element and 1 elsewhere. 
The middle convolution and the middle Hadamard product with special tuples of rank one on 
the level of Jordan forms are defined as follows: 

Definition 2.4. Consider an tuple of Jordan forms J = (Ji, . . . , J r +\) £ GL^ +1 (C) and aeC. 
Then we put 

r 

C a (J) := 2J l{Ji) + 7 (a" 1 Jr+i) - n, c a . t := j(J t ) + n- j(aJi) 

i=l 

for 1 < i < r and c Qir +i := 7 (a" 1 J r +i) + n — 7(J r +i). If c a j < C a (J) holds for all 
1 < i < r + 1, the tuple of Jordan matrices 

MC Q (J) := (MC a (Ji), . . . , MC Q ( J r+1 )) 

is defined via 

MC Q (J,) =00 apJVyM) - l)«CU) 
0./;/ • i: " ' 0J(l) c » w -' iW 
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and 

Mc Q (j r+1 ) =00 a - vor (r+M - j) ju - ir (a ' j) 

peC\{l,a} j j>2 

0a- [ J(i + lf^ a - 1 J(l) c °( J )- c °-+ 1 ( J ). 
Analogously, the middle Hadamard-product is defined via 

MH a (J) = MC Q -i ( J ® 

By |Kat961 Chapter 6], this operation is compatible with the middle convolution for irreducible 
M-tuples, i.e. we have 

J(MC a (T)) = MC a (J(T)). 
The middle convolution MC Q (T) with a G C* \ {1} is an invcrtible operation which preserves 
irrcducibility and rigidity of T, see IDR001 Remark 3.1, Corollary 3.6 and Corollary 4.4]. 

Proposition 2.5. Consider an irreducible M-tuple T = (Ti, . . . , T r+ i) G GL„(C) such that at 
least two matrices Ti,Tj with 1 < i,j < r are not the identity ifn=l. Then for each 
a G C* \ {1} we have that 

(1) M.C a (T) is irreducible. 

(2) MC a -i(MC a (T))=T. 

(3) iGL n (C)(T) = i GLn (C)(MC a (T)). 

(4) The operation MC_i turns symplectic into orthogonal and orthogonal into symplectic 
tuples. 

(5) If T is orthogonal or symplectic, then 

mc q/3 (Mc (a/s) -i (t ® a-[+v) ® ^r 1 ^)) ® ® ^ r+i (z 3-1 ) ® ^r 1 

is orthogonal or symplectic. 
The second and third statement also hold if we replace T by J(T). 

Finally, we also consider the square of a tuple of Jordan forms J = (Jx, . . . , J r +i) which is simply 
given by 

J 2 := (J( J 2 ), J 2 , . . . , J r , J 2 , . . . , J r , J(J r 2 +1 )). 
In the geometric situation, this reflects the effect on the tuple of Jordan forms associated to a 
given local system under a degree two cover of the space it is defined on. 

2.2. Related operations on differential operators. In this section, we review the 
translation of the constructions done on the level of monodromy tuples to the level of differential 
operators as it was done in |BR13[ Section 4, Section 5] and IBogl2| . 

We put as usual ^ to be the derivation on C[z] defined by 4-{z) = 1 and C[z, d] := C[z][d] to be 
the ring of differential operators with respect to 4-. We will mainly use the so called logarithmic 
derivation zjj^ on C[z] and the ring of differential operators C[z,$] := C[z][i9] with respect to 
z4-, which can naturally be regarded as a subring of C[z, d]. We denote the degree of L G C[z, i?] 
with respect to $ by deg(L). Furthermore, we call L = Y^7=o ai ^ 1 ^ ^\ z i ^] to be reduced, if all 
the ai are coprime in C[z]. The polynomial a n is called the discriminant of L. The set of roots 
of the discriminant together with the points and oo is the singular locus S of L. We can 
rearrange the coefficients of L G C[z,i?] and write L = X)"=o z% Pii with Pi G C[#]. The roots of 
Pq are called the exponents of L at z = 0. The exponents of L at the other points p G C and 
p = oo are defined in the same way via the transformation zh>z+j). rcsp. z >— > -. As pointed 
out in the introduction, we can attach to each differential operator L G C[z, t?] with singular 
locus S a local system L on P 1 \ S and hence by further topological choices an M-tuple T of 
matrices. In this situation, we usually call T to be a monodromy tuple of L. 
There is a so called universal Picard-Vessiot ring T of (C[z], z4-\ i.e. a simple differential ring 
with field of constants C which contains all solutions of each differential operator L G C[z, In 
particular, for each L G C[z, fl] the set SoIl := {y G J- \ L(y) = 0} can be regarded as a 
deg(L)— dimensional C- vector space. Furthermore, a singularity s of L is regular if each of its 
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solutions y G T can near z = s be considered as element in 



ln(z)] where /ieC. If all 



singularities si, . . . , s r +i of T arc regular, wc call L to be fuchsian. In that case, we collect the 
local exponents en, . . . , e n i of L at each of its singularities s; in the so called Riemann scheme 





' si 


Sr+1 




ei,i 




K{L)= < 








e n ,i 





Given two reduced differential operators Li,L 2 G C[z, their tensor product L\ ® Li G C[z, 
is the reduced operator of minimal degree, whose solution space is spanned by the set 
\_V\V2 £ J 7 | £1(2/1) = £2(2/2) = 0}. Furthermore, if <? is algebraic over C(z) and spans the 
solution space of Li, we write 

Li (g) L 2 =: £1 8> £/■ 

If Tj is the monodromy tuple associated to Li, the monodromy tuple associated to L\ ® Li is a 
sub tuple of T\ ®Ti, i.e. this tuple can be achieved by restricting the elements T\ <g) Ti to a 
subspace of C" which is set-wise invariant under all of them. In particular, we have 
deg(Li ® L 2 ) < deg(ii) deg(L 2 ). 

To discuss the middle Hadamard product, we introduce for each o6Q the operator 

I a :=$-z($ + a) G C[z,<&]. 
Moreover, writing L = Y^iLo 2,1 Pi e 



[z, we put 

i-l 



% a {L) :=J2z l U^ + a + j) H (#-k)Pi. 

i=o j=a k=o 

If L is fuchsian, irreducible and admits no local exponent in Z<o at each pgP ] \ {0} and no 
local exponent in 1 — a + Z<o at z = then the middle Hadamard product L I a of T and / is 
given by the unique irreducible right factor of % a (T) of degree 



deg(L*# l a ) 



r+l 

E 

i=2 



7(Tj) - n + 7(exp(27ria)Ti), 



where T = (Ti, . . . , T r+ i) denotes a monodromy tuple associated to L such that T\ is the local 
monodromy at z = and T r+ i the local monodromy at z = 00. 

Furthermore, we investigate the natural action of rational functions for fuchsian differential 
operators C[z,i?]. As C[z,#] is a differential subring of C(z)[<9] and for each fuchsian L G C(z)[<9] 
there is an n G N such that z n L G C[z,-d], we rather describe those actions on C(z)[d]. More 
precisely, for each (p G C(z) \ C wc define the action of (p* on C(z)[i9] via 

/ (->• foip, 9h> -^-tt3 
</?(z)' 

for each / G C(z). 

We will also use some algebraic transformations, namely the inverse of z i-> z n for n G N, if they 
are defined. To be more precise, we define the differential subring C [z n , #] of C[z, 1)] to consist of 

C[z n ,ti) = \jTz nip i \ p i e c ^] \ 



i=0 



and set 



: <C[z n ,d] - 
One can check locally, if an operator lies in 



C[z,0], z n ^z, d^nti. 
?[z n ,$] using the following 



Lemma 2.6. Consider an irreducible, fuchsian differential operator L G C[z,$] and n G N. 



T/ien T G C[z™,$] i/ and onZj/ i/T /ias a /ocaZ solution f G z A 



near z 



0. 
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Proof. We write L = J2iLo z% ^i- Let / = Y^Lu A{v)z v := J2kLo BkZ k a local solution of L at 
2 = 0. Then the A(y) fulfill the recurrence equation 

II! 

Y^Pi(v-i)A(v-i) = 0, 

i=0 

where we put A(v) = if v < \i. Assume now that A(y) = if v ^ krifj, for any k eN. Writing 
m = pn + q, p, q G No, q < n, we see that 

p 

V] Pnkiy - nk)A(v - nk) = 0. 

k=0 

Therefore, / is a solution of Y^k=o znk Pnk £ C[z n , i?]. As L is an irreducible right factor of this 
operator and has the same degree, they have to coincide. To prove the other direction of the 
statement let L £ C[z n , $] and assume that L has no local solution in z M C[z n J. Without loss of 
generality we can assume that /x + r is not an exponent of L for each r£N. Let be minimal 
such that 1/q is no integer multiple of fi and A(vq) ^ 0. By the recurrence equation stated above, 
we get Po(vo)A(i>o) = in contradiction to our assumptions. □ 

The previous lemma justifies the following construction, which we call the Delta construction: 
Consider an irreducible, fuchsian differential operator R £ C[z,$] and a local solution 
/ = £m=o A ™z m of R near z = 0. Then z 2 ^ £~ =0 £™ {-l) k A k A m . k z m is a solution of 
i? (g) (— z)*(i?), which lies in z 2m C[z 2 ]. Thus we can apply the map z 1 / 2 to this operator and end 
up with 

A(i?) := (z 1/2 )* (-R <g> (-£*) i?) £CM. 

3. CY-TYPE TUPLES OF RANK FOUR WITH SYMPLECTIC RIGIDITY INDEX TWO 

We first give a list of CY-type tuples of Jordan-forms J £ Sp 4 (C) r+1 with isp 4 (C)(^) — 2 and 
discuss possible constructions of related M-tuples thereafter. To simplify notation, we denote by 
[a] the Jordan block matrix aJ(l) © a~ 1 J(l) if a ^ a -1 and aJ(2) else. The notation [[a] © [/?]] 
is used similarly. The following table collects for each matrix A £ Sp 4 (C) the codimension of its 
centralizer <5g P4 (c)(A) and its Jordan form of its image under the exceptional isomorphism 
Sp 4 (C) s SO B (C). 

<5sp 4 (C) Jordan form in Sp 4 (C) Jordan form in SC>5(C) 
4 ±(J(2)© J(l) 2 ) J(2)ffi J(2)ffi J(l) 

-J(l) 2 ffiJ(l) 2 -J(l) 4 ffiJ(l) 

6 M 2 [[« 2 ] © J(l)] © J(l) 2 

±([a]© J(1) 2 ) Q#1 [a] 2 ffiJ(l) 

g [[a] © [/3]W/3±i [[a/3] © [a/3" 1 ] © J(l)] 

[[a] © [a]] J(3) © a 2 © a -2 

Table 1: Jordan forms in Sp 4 (C) and SOs(C). 



Proposition 3.1. Consider an M-tuple T £ Sp 4 (C) r+1 with isp 4 (C)(^) which is induced by an 
operator CY-type. Then we have r £ {2,3} and J(T) is similar to one of the following tuples 

(1) ^(a,/?^)^^),^] 2 ,^]©^]). 

(2) N 2 (a, 0, 7 ) = (J(4), [a] © J(l) 2 , [[/3] © [ 7 ]]). 

(3) Mi (a) = (J(4), J(2) © J(l) 2 , J(2) © J(l) 2 , [a] 2 ) /or a ^ 1. 

(4) M 2 (a) = (J(4), J(2) © J(l) 2 , J(2) © J(l) 2 , [a] © - J(l) 2 ) for a ^ 1. 

(5) M 3 (a) = (J(4), J(2) © J(l) 2 , J(l) 2 © - J(l) 2 , [a] © J(l) 2 ) for a + 
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(6) M 4 (a) = (J(4), J(2) © J(l) 2 , J(l) 2 © - J(l) 2 , [a] 2 ) . 

(7) M 5 (a) = ( J(4), J(l) 2 © - J(l) 2 , J(l) 2 © - J(l) 2 , [a] © - J(l) 2 ) . 

Proof. Throughout the proof, write J := J(T) and G = Sp 4 (C). We assume without loss of 
generality that J\ = J(4) and put the other matrices into any order. As ig{J) = 2 and 
#g(J(4)) = 8, we have 

r+l 

By Table [TJ this yields r < 3. The possibilities for r = 2 give the families Ni(a, f3,~f) and 
A^(o!, /3, 7). If r = 3, we have Saih) = 00(^3) = 4 and 8c{Ja) = 6. In particular, we get that 

J 2 , J 3 G {± (J(2) © J(l) 2 ) , - J(l) 2 © J(l) 2 } 

and 

J 4 G {[a] 2 ,±([a] Q#1 ffi J(l) 2 )}. 

If J2 = <h = -/(2) © J(l) 2 , the cases for which 7(J 4 ) = 2 arc excluded by Lemma l2~2l This leaves 
the possibilities J4 = [a] 2 and J4 = [a] © — J(l) 2 , where a^l. 

If J 2 = J{1) 2 © -J(l) 2 and J 3 = J(2) © J(l) 2 , the cases for which 7^4) = 1 are excluded. 
If J 2 = J3 = J(l) 2 © -J(l) 2 , we get that 7 (A 2 Ji) + 7 (- A 2 ^2) + 7 (- A 2 J3) = 6 as we are 
looking for solutions in G. Therefore, the possibilities for which 7 ^/\ 2 J±j < 3 arc ruled out by 
Lemma l2~2l This discussion leaves the possible tuples Mi (a) — M^(a). □ 

3.1. Constructions for tuples with three elements. We do not have a general construction 
for tuples in families Ni(a, (3,j) and A^a, /3, 7) stated in Proposition l3.il Nevertheless, we 
point out possible constructions for special parameters a, /3, 7 £ C*. 

Consider a, /3, 7 £ C* and a tuple of CY-type T such that J(T) = N\(a, j3, 7). Then setting 

f = MG a0 (MC M -. (T <g> X 3 (a)) © /^(a- 1 ^)) © JffO?) 

we have J (J 1 ) = Ai(/3, a, 7). As T has an element of maximally unipotent monodromy, it is 
symplcctic by Proposition 12.51 and hence of CY-type. 

Starting with an operator which is a symmetric cube of a second order one and translating this 
operation to the level of differential operators, we hence obtain the following result 

Proposition 3.2. Let a £ Q \ Z and 

S a = Sym 3 (/i +a *^_J 

= 256 1? 4 + z (-512 tf 4 - 768 1? 3 - 672 d 2 + 2560 i?V + 2560 1? a 2 - 288 + 768 a 2 - 48) 
+ z 2 (4tf + 3 + 12a)(4tf + 3- 12 a) (4?? + 3 + 4 a) (4?9 + 3 - 4 a) 

Put 

Pas := ((S a ®z-i- a )*ls +a ®zi +a (l-z) a -i)*l3_ a 

= 16 ?9 4 - z (32?9 4 + 64(1 - a)i? 3 + (63 - 96a - 112a 2 ) i? 2 ) 
- z ((31 - 64a - 112a 2 ) <d + 6 - 16a - 32a 2 ) 
+ z 2 (4?? + 5-4a)(i9 + l -4a)(tf + l + 2a)(4tf + 3-4a) 

and 

Pa,2 := ((S a ®z-i- 3a ) */ |+3a ©z 3a +3(l-z) 3a -i) */3_ 3a 

= 16 i? 4 + z (-32 tf 4 - 64 ?9 3 + 192 i? 3 a - 63 d 2 - 272 i? 2 a 2 + 288 i? 2 a) 
+ 192z ( <d a - 272 d a 2 - 31 d - 6 + 48 a - 96 a 2 ) 
+ z 2 (4 1? + 3 - 12 a) (0 + 1 - 2 a) (1? + 1 - 4 a) (4 1? + 5 - 12 a) 
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Then the tuple of Jordan forms associated to each monodromy tuple of P a ,i <£> (1 — z)~ a is similar 
to A r i(exp(27ria), i, exp(67ria)) and the tuple of Jordan forms associated to each monodromy tuple 
of P a , 2 ® (1 — z)~ 3a is similar to Yi(cxp(67ria), i, exp(2iria)). 

In Section EOI we indicate for which values of a we get CY-type operators. Note, that although 
the operator S a we started with is a symmetric cube, the operator P a: i is usually not. 
For an M-tuple T of CY-type whose tuple of Jordan forms reads A^a, /3, — 1) a direct 
computation shows that 

J(MC_i(T)) 2 = J®J 

for J = (J(2), [5], [6], [e]) with — S 2 = a and e 2 = j3. We try to invert this construction on the 
level of differential operators. Therefore, we should start with an irreducible operator R of order 
two whose non-apparent singularities are S = {0, —1,1, oo} and such that the tuple of Jordan 
forms of a monodromy tuple coincides with J. Moreover, we require R g" C[z 2 ,i}] to get that 
A(i?) is irreducible of degree four. Then the irreducible right factors of A(i?) Ii are good 
candidates for CY-type operators of order four. So far, we only found two special differential 
operators for which this construction works, see Section POl 

3.2. Constructions for tuples with four elements. Unless the tuples N±(a, /3, 7) and 
N2{a, /?, 7), we can construct for each Mj(a) a family of inducing differential operators 
containing examples of CY-type. It turns out that the starting point for those general 
constructions are special irreducible operators of order two with four singularities. We introduce 
the following terminology: 

Definition 3.3. For a fuchsian differential operator L G C[z, i9] of degree two which has rational 
exponents e\_ s < e2. s at each singularity s G S, we call 

the signature of the singularity s. With respect to an order on S , the tuple of signatures of all 
points in S is denoted by sign(L) and called the signature of L. 

In the sequel, we consider fuchsian differential operators L for which the smallest exponent at 
z = s is zero at each s 6 C. Then, by the classical Fuchs relation 

ei,oo + e 2,oo = I -S" I — 2 — A s , 

s6S\{oo} 

all remaining exponents of L are determined by its sign(L). Moreover, as we only want to 
consider operators for which the exponents at each of their singularities fix the Jordan form of 
the corresponding local monodromy, we assume that all entries in sign(i) are strictly smaller 
than one. A class of such operators are the following ones: 

Definition 3.4. For h := (t, u, v, w, c, Si, s 2 ) G (C n [0, l)) 4 x C x C \ {0} x C \ {0, si}, we call 
R{h) := 4z9.sj.S2 (0 - t) - 4z(tf 2 ( Sl + s 2 ) + - v) + .s 2 (l - u) - t( Sl + s 2 )) + c) 

+ z 2 (2d + 2 - t - u - v + w) (2i9 + 2 - t - u - v - w) . 
the associated Hewn operator. 
The Riemann-scheme of a Heun operator reads 









S2 




00 


K(R(h)) = < 


fr 








l-l(t- 








u 


V 


l-\{t- 


h U + V — w) 



and its signature is given by sign(i?(/i)) = (t, u 1 v, w). In the sequel, we will just study Heun 
operators R(h) G 1?], meaning that cither s\, S2 G Q or u = w and there is an irreducible 
polynomial p G Q[X] of degree two such that p(si) = p(s2) = 0. 
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We state constructions for each of the cases Mi (a) — Ms(a) using Heun operators. This leads to 
three-parameter families of operators. Operators of CY-type inside those families are stated in 
Section gU 

Assume in the sequel that T is an M-tuple of CY-type. If 

J(T) = Mi (a) = (J(4), J(2) © J(l) 2 , J(2) © J(l) 2 , [a] 2 ) 

for a ^ 1 we find that 

MC Q (MC Q -i(Mi(a))<8> ® K\{a) = ( J(2), J(2), J(2), J(2)). 

As the tuple of Jordan forms associated to the monodromy tuple of i?(0, 0, 0, 0, Si, S2, c) is 
precisely ( J(2), J(2), J(2), J(2)), translating this construction to the level of differential 
operators yields 

Proposition 3.5. For each a£(J\Z the tuple of Jordan forms associated to each monodromy 
tuple of 

Qi(c,s 1 ,s 2 ,a) = R(0, 0,0, 0, si,s 2 ,c) * H I a *H h-a 

= i? 4 sis 2 - z (0 + a) (0 + 1 - a) (i? 2 .si + i? 2 s 2 + si + s 2 + c) 

+ z 2 (0 + 2 - a) (0 + 1 - a) (0 + 1 + a) (0 + a) 
is similar to Mi(exp(27rza)). 
If 

J(T) = M 2 (a) = ( J(4), J(2) © J(l) 2 , J(2) © J(l) 2 , [a] © - J(l) 2 ) 

for a 1, we find that 

MC_i(M a (a)) ® ^ 4 (-l) = Sym 2 ((J(2), J(l) © - J(l), J(l) © - J(l), [/?])) 

for (3 2 — a. As the tuple of Jordan forms associated to the monodromy tuple of 

R (0, §, i, A, s 1 ,s 2 ,c) is similar to (J(2), J(l) © - J(l), J(l) © -J(l), [exp(27riA)]), we get 

Proposition 3.6. For eac/i A £ Q \ Z i/ie tuple of Jordan forms associated to each monodromy 
tuple of 

2 1 1 



<92(c,si,s 2 ,A) = Sym I .R I 0, -, -, A, s lt s 2 , cj 1 

= 40 4 Sl s 2 - 2 (2 + l) 2 ((si + s 2 )(0 2 + 0) + 4 c) 
+ z 2 (2 + 3) (2 + 1) (0 + 1 + A) (0 + 1 - A) 

zs similar to M 2 (exp(27rzA)). 
If 

J(T) = M 3 (a) = (J(4), J(2) © J(l) 2 , J(l) 2 © - J(l) 2 , [a] © J(l) 2 ) 
for a 7^ 1, we find 

J' = MC_i(M 3 (a) © itf(-l)) © /fi(-l) 

= (J(3) © -J(l), - J(l) © J(l) 3 , J(2) 2 , [[-a] © J(l)] © J(l)). 

The latter tuple is similar to J" = ( J(3) © -J(l), [[-a] © J(l)] © J(l), J(2) 2 , -J(l) © J(l) 3 ) for 
which we find that 

(J") 2 = (J(2), [/?], J(l) 2 , [(3), J(2), J(l) 2 ) © (J(2), [/3], J(2), J(l) 2 , J(l) 2 ) 

with (3 2 = —a. To mimic the inverse construction on the level of differential operators, we start 

with the Heun operator i?(0, A, A, 0, Si, s 2 , c). 

Consider 

Pi = (-, ) R(0, A, A, 0, Sl ,s 2 ,c) © (z 2 - l)- A / 2 (( Sl + s 2 )z - ( Sl - s 2 )) A -\ 

Vz(si + s 2 ) + s 2 - si/ 
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whose Riemann scheme reads 







-i 


1 


(si - s 2 )/(si + s 2 ) oo ~\ 




[r 


A 
2 


A 
2 


1 






A 
2 


A 
2 


2 



The tuple of Jordan forms associated to each monodromy tuple of P\ is similar to 

(J(2), [cxp(7riA)], [cxp(7riA)] ; J(2), J(l) 2 ). For general values c <E C, a direct computation shows, 

that the Riemann scheme of A (Pi) reads 

(s-l)7(s + l) 2 S oc 







1 








1 

2 





1 

-A 
A 




1 

2 
4 



where s G C is an apparent singularity. Next, we check that A (Pi) Ii 
unique monic operator of degree one whose Riemann-scheme reads 



LP 2 , where L is the 





1 


(.s-l) 2 /(.s+l) 2 a 


oo } 




-2 


-3 i 
6 2 


¥ | 



ft(L) 



The tuple of Jordan forms associated to each monodromy tuple of P2 is similar to 
M3(exp(27ri(A + 1/2)). To decrease the number of terms of the resulting differential operator, we 

put Q 3 (si, s 2 , A, c) := (531) (Pi) ® ((1 - 2x)(AsiS 2 x + (s 1 - s 2 ) 2 )) _1/2 . Carrying out all 
computations explicitly yields 

Z the tuple of Jordan forms associated to each monodromy 



s 2 f ~z( Sl - s 2 f ((sj - 10,si.s 2 + s 2 2 )(^ + 2tf 3 )) 



Proposition 3.7. For each A £ 
tuple of 

<?3(si,s 2 , A, c) = i? 4 (si 

-z( Sl - .s 2 ) 2 19 2 ((s 2 + .s 2 )(l + A - A 2 ) + 2.si.s 2 (A 2 + A - 12) + 2c(s x + s 2 )) 

s 2 ) 2 ((s 2 + s 2 )A(l - A) + 2sis 2 (A 2 + A - 7) + 2c(s x + s 2 )) 

-z(si- s 2 f (.si.s 2 (A 2 - 3) + cA(si + s 2 ) + c 2 ) 

- 4z 2 sis 2 (i? + l) 2 (2{s\ - 4sis 2 + s 2 )(i? 2 + 20)) 

- 4z 2 sis 2 (i? + l) 2 ((sj + .s 2 )(3 + A - 2A 2 ) + Sl .s 2 (4A 2 + 2A - 13) + 2c(s x + s 2 )) 

- 4z 3 sjsl($ + l)(i? + 2) (20 + 3 + 2A)(2tf + 3 - 2A) 
is similar to M3(cxp(27ri(A + 1/2))). 

If 

J(T) = M 4 (a) = ( J(4), J(2) © J(l) 2 , J(l) 2 © - J(l) 2 , [a] 2 ) 

we have 

MC_i (MCq, (MC -i(M 4 (a)) <g> i^ 4 (a)) © If] (a) ® Xf (-1)) © ^(-1) 

= (J(l) © - J(l) © aJ(l) © a' 1 J(l), J(2) 2 , - J(l) © J(l) 3 , - J(l) 2 © J(l) 2 ). 



This tuple is similar to 

J = (J(l) ffi - © aJ(l) 

that 



L J(l), J(2) 2 , - J(l) 2 © J(l) 2 ), - J(l) © J(l) 3 ) for which we find 



J 2 



J(2), W, J(l) 2 , W, J(l) 2 ) © J(l) 2 , [i], J(2) © J(l) 2 , [i], J(l) 2 
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where 1 = a. To mimic the inverse construction on the level of differential operators, we start 
with the Hcun operator P(0, h, h, A, s±, s 2 , c). Consider the operator 

'(si + s 2 )z + si - s 2 



Pi ■= 



2z 



^ J?(0,1 1, A, Sl;S2 ,c)®z- 1 / 2 (z 2 -l) 1 /4 



whose Riemann scheme reads 







-i 


1 


(si - s 2 )/(si + s 2 ) 


OO 


^(Pl) = < 




i 

4 


1 

4 





» 




[7 


4 


3 
4 





1 



Moreover, the tuple of Jordan forms associated to each monodromy tuple of Pi is similar to 
([exp(TriA)], [£], [i], J(2), J(l) 2 ). For general values c e C, a direct computation shows that the 
operator A (Pi) has Riemann scheme 



' 


1 ( 


S -1) 2 /( S + 1) 2 


s 


oo , 





1 

2 











1 

2 


1 





1 


i 

2 


A 
2 


3 
2 


1 


2 


1 


A 
2 

V 


2 


1 


4 


2 



ft(A(Pi)) = 



where s € C is an apparent singularity. Next, we check that f^3r) ^(Pi) P 
L is the unique monic operator of degree one whose Ricmann-schcme reads 



n(L) = 



LP 2 , where 





1 (si - s 2 ) 2 /4sis 2 


s 


00 1 


l- 3 


-1 -3 


1 

2 





The tuple of Jordan forms associated to each monodromy tuple of 

Qi(si,s 2 ,c, A) = {p 2 ® (4sz + (s - 1) 2 ) _1/2 ) *h/i+a ★irl^A 

is similar to Af4(cxp(7riA)). Carrying out all computations explicitly yields 

Proposition 3.8. For each A 6 Q \ Z </ie tap/e o/ Jordan forms associated to the monodromy 
tuple of 

Q 4 { Sl , s 2 ,c, A) = 4tf 4 ( Sl - s 2 ) 4 - z{ Sl - s 2 ) 2 (4(s 2 - 10 Sl s 2 + s 2 )(i? 4 + 2tf 3 )) 

- z( Sl - s 2 ) 2 i? 2 (5(s 2 + si) + 2s lS2 (4A 2 - 45) + 8c(«i + s 2 )) 

- - s 2 ) 2 tf (s 2 + s 2 + 2.s lS2 (4A 2 - 25) + 8c(«i + s 2 )) 

- - s 2 ) 2 (sis 2 (3A 2 - 11) + 2c(si + a a ) + 4c 2 ) 

- 4z 2 Sl s 2 (2ti + 2 + A)(2i? + 2 - A)(2(s 2 - 4sis 2 + s 2 2 )($ 2 + 2d)) 

- Az 2 Sl s 2 {2d + 2 + A)(2tf + 2- A)(3(s 2 + sj) + Sl s 2 (\ 2 - 11) + 2c{s x + s 2 )) 

- 4z 3 s 2 s 2 (2i? + 2 + \)(2$ + 2- A)(2i? + 4 + A)(2tf + 4 - A) 
is similar to M4(cxp(7riA)). 

Finally, if 

J(T) = M 5 (a) = ( J(4), J(l) 2 © - J(l) 2 , J(l) 2 ffi - J(l) 2 , [a] © - J(l) 2 ) 

we find that 

J' = MC_i (M 5 (a)) ® A' 4 (-l) 

= (J(3) © - J(l) 2 , J(2) 2 © J(l), J(2) 2 © J(l), [a © J(l)] © J(l) 2 ). 
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By Proposition 12.51 MC_i(T) lies in SOs(C) and the exceptional isomorphism between S05(C) 
and Sp 4 (C) allows us to write J' = f\ (J") for 

J" = (iJ(2) © -U(2), J(2) © J(l) 2 , J(2) © J(l) 2 , /3 J(l) 2 © /T 1 J(l) 2 ) 

with /3 2 = a. Moreover, we find that 

MC-ip (MC r i (J" ® JTf(*)) © Kf(-i0)) © tfl(-i0) 

= (-.7(2), - J(l) © J(l), - J(l) © J(l), J(2)). 

To mimic the inverse construction on the level of differential operators, we start with 
R (0, | , i , 0, Si , S2, c) . One checks directly that 

= sis 2 (4tf-l) 2 (4?9-3) 2 

- z(40- l + 2o) (40 + 1 - 2a) (l6tf 2 ,si + 16tf 2 s 2 - s x - s 2 + 16c) 
+ z 2 (2 a + 3 + 4 0) (-2 a + 5 + 4 0) (4 - 1 + 2 a) (4 + 1 - 2 a) 

is self-dual and hence that the tuple of Jordan forms associated to the monodromy tuple of 
/\ 2 (Pi) coincides with J'. The desired operator then reads Qs(si, S2,c, A) = f\ 2 (Pi) *h Is.- 
Carrying out the computations explicitly yields 

Proposition 3.9. For each a£(J\Z the tuple of Jordan forms associated to each monodromy 
tuple of 

Q 5 (si,s 2 , c, A) = 16s 2 s 2 tf 4 - 4sis 2 z(8( Sl + s 2 ){tf 4 + 2tf 3 )) 

- A Sl s 2 z"d 2 (2(8! + s 2 )(a - a 2 + 9) + 8c) 

- 4s 1 s 2 z$ (2(s! + s 2 )(a - a 2 + 5) + 8c) 

- 4s lS2 z ((si + s 2 )(a - a 2 + 2) + 4c(a 2 - a + 1)) 
+ z 2 (l6(s 2 + 4.s lS2 + s 2 )(0 4 + 40 3 )) 

+ z 2 2 (4(s 2 + s 2 )(2a - 2a 2 + 23) + 32sis 2 (a - a 2 + 15) + 32c(si + s 2 )) 

+ z 2 (8(sj + s 2 )(2a - 2a 2 + 7) + M Sl s 2 {a -a 2 + 7)+ 64c( Sl + s 2 )) 

+ z 2 ((sj + s 2 )(a 4 - 2a 3 - 7a 2 + 8a + 12) + 2.sis 2 (84 + 20a - 21a 2 - a 4 + 2a 3 )) 

+ z 2 (8c( Sl + s 2 ){a 2 - a + 4) + 16c 2 ) 

- 2z 3 (2i? + 3) 2 (4(s a + s 2 )(0 2 + 30)) 

- 2z 3 (2i? + 3) 2 ((si + s 2 )(3a - 3a 2 + 11) + 4c) 
+ z 4 (20 + 3) (20 + 5) (20 + 3 + 2a)(20 + 5 - 2a) 

is similar to M^(exp(Tria)) . 

As a result of the constructions stated in this section, we get 

Theorem 3.10. For each tuple of Jordan forms Mi(a) stated in Provosition VS. 11 we find a 
three-parameter family of irreducible fuchsian differential operators whose tuples of Jordan forms 
associated to their monodromy tuples are similar to Mi (a) . Moreover, each of the operators L we 
found is self-dual in the sense that there is an + 1 a 6 Q(z) such that La — aL v holds, where L v 
denotes the adjoint of L, and has only zero as exponent at z = 0. 

4. Identification of CY-type operators 

4.1. How to find CY-type operators? We briefly recall the definition of a differential 
operator of CY-type: 



SOME FOURTH ORDER CY-TYPE OPERATORS WITH NON SYMPLECTICALLY RIGID MONODROMY 13 

Definition 4.1. An irreducible differential operator L G Q[z,0] is called of CY-type if it fulfills 
each of the following CY -'properties: 

(P) L is self-dual in the sense that there is an =/= a <E Q(z) such that La = aL w holds. 
(M) All exponents of L at z = are integers and equal. 

(N) L has at z = an N-integral local solution yo G QH, i.e. there is an N G N such that 

N m A m £ Z for all m G N. 
(Q) The special coordinate of L at z = 0, i.e. 

q = g zQfzj, 

where y\ = ln(z)yo + r, r G zQ[zJ is a /oca/ solution of L, is N-integral. 
(S) Each of the the formal power series ax, . . . , a n appearing in the local expression 

Ly :=toA-i-«itf6QWW 

are N-integral. 

It is clear that each M-tuple attached to a differential operator of CY-type has those properties. 
For each family of operators constructed in the previous section, we try to detect those which are 
of CY-type. Note that each operator of families P a ,i and P Qj 2 stated in Proposition 13.21 satisfies 
CY-properties (P), (M) and (N). Hence it remains to check experimentally whether (Q) and (S) 
hold. The results are stated in Section 1431 The other constructions we did rely on the choice of 
differential operators of order two. As stated in Theorem 13. 101 each of the operators Qi — Qs 
satisfies properties (M) and (P). To discuss the remaining CY-properties, we first observe that 
all of them depend on the choices of s\, S2 and c and that none of them seems to hold for an 
arbitrary choice. A closer look at the constructions on the level of differential operators we used 
reveals, that all of them preserve N-intcgrality of solutions which are locally holomorphic near 
z = 0. Therefore, a first step towards a strategy to find CY-type operators is to guarantee, that 
the Hcun operator R(h) we start with admits an N-integral solution at z = 0. Moreover - for 
reasons which are not understood yet - each constructed operator of order four seems to satisfy 
property (Q) if the Heun operator we started with does. Therefore, we chose the parameters 
si, s 2 , c in such a way that the Heun operator underlying the construction is of CY-type. All 
examples of this type we know can be obtained by algebraic pullbacks of hypergeometric 
differential operators. The majority of them are Picard-Fuchs operators for families of relatively 
minimal elliptic curves with section over Q and are obtained from |Her91j . 

4.2. Underlying CY-type operators of degree two. In the upcoming tables, we state those 
Heun operators which are of CY-type and are suitable for the constructions of Qi — Qs- We only 
state the parameter c explicitly, as the singularities si and S2 can be regained directly as the 
roots of the polynomial coefficient of 2 . 

For sign(i?(/i)) = (0, 0, 0, 0), we find the following six operators. 



Number 






Operator 




c 


1 


2 


-z(70 2 - 


1-70 + 2) -8 z 2 (i9 + 


If 


1/4 


2 


V 2 - 


-z(H0 2 


+ 1119 + 3) - z 2 (i) 4 


l) 2 


-3 


3 


02 _ 


- z (10 2 - 


hlOtf + 3) +9z 2 (0- 


M) 2 


1/3 


4 


02 _ 


- 4z (3 2 - 


I- 3 + 1) + 32 z 2 (0 - 


M) 2 


1/8 


5 


d 2 - 


-3z(30 2 - 


H30 + 1) +27z 2 (0- 


M) 2 


1/9 


(i 


d 2 - 


z (170 2 4 


-170 + 6) +72z 2 (0 


+ D 2 


1/12 
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For sign(L) = (0, A, A, 0) wc find 



Nr. 


A 






Operator 






c 


1' 


1/2 


40 2 - 


-2z(28 2 4 


- 140-1 


-3)" 


h81z 2 (2 0- 




1/54 


2' 


1/2 


40 2 - 


2z (44 2 + 


22 4 




-125z 2 (2 


+ D 2 


1/50 


6 


1 /O 

1/2 


?7 — 


Iz \ \\) V 4 


-504 


1) + 


16 z 2 (2 4 


I) 2 


1/32 


4' 


1/2 


2 


-2z(120 2 


4 60 4- 


1) + 


4z 2 (20 4l) 2 


1/8 


5' 


1/2 


4i9 2 - 


h6z(l2 2 - 


f 60 + 


1)- 


■ 27 z 2 (2 0H 


-If 


1/18 


6' 


1/2 


4 2 


- 2z (68 2 


4 34 


4-5) 


4z 2 (204 


I) 2 


5/2 


7 


1/3 


9t9 2 - 


3z (39i5» 2 -| 


-260H 


-7)- 


h49z 2 (30- 


f 2) 2 


1/21 


8 


1/3 


90 2 4 


- 12z(l5 2 


+ 10 15» 


4 2) 


-8z 2 (30 


4 2) 2 


1/3 


9 


1/4 


160 2 


- 4z(240 2 H 


- 180 4 


-5)4 


-25z 2 (4 0- 


F3) 2 


1/20 


10 


1/4 




! - 4z(560 2 


4 420 


+ 9) 


4- z 2 (4 4 


3) 2 


9/4 


(L) = 




Mr 


ve find 













Nr. 


A 






Operator 






c 


1" 


1/2 


2 - 


-2z(l4 2 


470- 


h 1) - 8z 2 (40- 


hl)(40- 


h3) 


1/64 


2" 


1/2 


2 


+ z (44 2 - 


h22 


4 3) - z 2 (40 4 


1)(40 4 


3) 


3/16 


3" 


1/2 


2 - 


- z (40 2 4 


20 0- 


1-3) 4-9z 2 (40- 


hl)(40- 


h3) 


1/48 


4" 


1/2 


2 - 


4z(l2 2 H 


-604 


-1) + 32z 2 (4 


4 1) (40 


+ 3) 


1/128 


5" 


1/2 


t9 2 4 


-3z(l2 2 - 


I-604 


- 1) 4-27z 2 (4 


4-1) (40 


+ 3) 


-1/144 


6" 


1/2 


02 _ 


2z (34 2 4 


170- 


1-3) 4- 72 z 2 (4 


4-1) (4 


+ 3) 


1/192 


7' 


1/3 


2 - 


-z(26 2 4 


130- 


1-2) -3z 2 (30- 


hl)(30- 


h2) 


2/27 


8' 


1/3 


2 - 


4z(lO0 2 H 


-504 


■1) 4 48 z 2 (3 


4 1) (30 


+ 2) 


1/108 


9' 


1/4 


2 


- z (12 2 


+ 60- 


f 1) - z 2 (8 4- 


3) (8 + 


5) 


-1/64 


10' 


1/4 


2 - 


-z(28 2 4 


-30 + 


3) 4 12z 2 (8 0-1 


-3) (8 0-1 


^5) 


1/256 



The operators with signature (0, ^, i, A) can be constructed as follows: Consider a Heun 
operator L\ with sign(£i) = (0, A, A, 0) such that s\ and s 2 are roots of 
p(X) = aX 2 + bX + le Z[X]. Then 

L 2 = ((-zMz)) v )*L 1 eQ[z,0] 

has four singularities {0, Si, S2, oo} and sign(L 2 ) = (0, |, i, A) holds. Moreover, L 2 is of CY-type, 
if L\ is. Wc referred to this construction by decorating the number of the operator with a (•)'. 
Up to a tensor product with an operator of degree one, the following operators are Picard-Fuchs 
operators for the following families Y 2 = 4X 3 — g 2 (z)X — 33 (z) of elliptic curves: 



Number 




Families 


1 


92 


3 (4 z 4 1) (64 z 3 4 48 z 2 - 12 z 4 l) 




93 


(8 z 2 4- 4 z - 1) (512 z 4 4- 512 z 3 4 8 z - l) 


2 


92 


3(z 4 - 12z 3 4- 14z 2 4- 12z 4 1) 




93 


z 6 - 18 z 5 4 75 z 4 4 75 z 2 4 18 z 4 1 


3 


92 


3 (3 z 4 1) (243 z 3 4- 243 z 2 4- 9 z 4 l) 




93 


(27 z 2 4 18 z - l) (729 z 4 4- 972 z 3 + 270 z 2 4- 36 z 4- 1) 


4 


92 


3(65536 z 4 - 32768 z 3 + 5120 z 2 - 256 z 4- 1) 




93 


(128 z 2 - 32 z 4 1) (131072 z 4 - 65536 z 3 4- 10240 z 2 - 512 z - l) 
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■5 


92 




3 (9 z - 1) (6561 z 3 - 2187 z 2 + 243 z - l) 




93 


14348907 z 6 - 


- 9565938 z 5 + 2657205 z 4 - 367416 z 3 + 24057 z 


2 - 486 z - 1 


6 


92 




108 (12 z - 1) (15552 z 3 - 3888 z 2 + 252 z - l) 




93 


216 (216 z 2 


- 36 z + l) (373248 z 4 - 124416 z 3 + 13824 z 2 - 


504 z- 1) 


7 


92 




147 (196 z 2 - 26 z + 1) (9604 z 2 - 490 z + l) 




93 


343 (196 z 2 - 


26 z + 1) (13176688 z 4 - 1882384 z 3 + 86436 z 2 


- 980 z - 1) 


8 


92 




3(64z 4 - 192z 3 + 64z 2 + 24z + 1) 




93 




512 z 6 - 2304 z 5 + 2496 z 4 + 312 z 2 + 36 z + 1 




2' 


92 
93 




3 (500z 2 + 44z + l) (20z 2 + 20z+l) 
- (500 z 2 + 44 z + l) 2 (4 z 2 - 8 z - 1) 




5' 


92 




(81 z 2 - 54 z - 3) (9 z + 1) (3 z - 1) 






93 




(729 z 4 - 972 z 3 + 270 z 2 + 36 z + l) (27 z 2 + 1 


) 


7' 


92 
93 




-3 (432 z 2 - 40 z + 1) (16 z - 1) 
(432z 2 -40z + l) 2 (4z-l) 





4.3. Resulting operators of order four with three singularities. We state for each of the 
families the operators of CY-type inside we found with the methods described before. For each 
of these operators, we have normalized the coordinate via z t— > Az in such a way that its 
q-coordinate lies in zZ[z] and is minimal in the sense that there is no N £ N such that N m 
divides the m-th coefficient of the q-coordinate for all m £ N. To identify the operators with 
previously known examples as collected in jAESZ05l Appendix A], the column source provides 
their first three genus zero instanton numbers as defined there. If the instanton numbers of two 
CY-type operators coincide, they can be locally transformed into each other, see e.g. |Bogl2| 
Proposition 3.4.9]. 

In case that all previously known operators with the same instanton numbers have more 
singularities than the one stated here, the numbers are written in italics. In case that we know 
an operator having the same instanton as the one we found but a smaller number singularities, 
we write them smaller. If the numbers are written boldly, none of the previously known 
operators has the same instanton numbers. 
Family: P a i ® (1 — z) _a , where 

Pa.i := ((s a ®z-*- a ^ *I i+a ®zi +a (l-z) a -i) *Ij_ 

= 16z9 4 - z (32i? 4 + 64(1 - a)tf 3 + (63 - 96a - 112a 2 ) i? 2 ) 

- z ((31 - 64a - 112a 2 ) + 6 - 16a - 32a 2 ) 

+ z 2 (4^ + 5 - 4 a) (tf + 1 - 4 a) (0 + 1 + 2 a) {Ad + 3 - 4 a) 

Riemann scheme: 



K(Pa,l ® (1 - Z)~ a ) = < 



' 




1 




oo 







—a 


1 


— 3a 







a 




3 
4 





1 


— a 




5 
4 





1 


+ a 


1 


+ 3a 



16 



MICHAEL BOGNER AND STEFAN REITER 



J_ 

12 



CY-operators: We seem to get operators of CY-type in the following cases: 

a ± § 

source -4,-11,-44 60,-7635,307860 -12,-186,-1668 -6,-33,-170 

Moreover, replacing a by —a yields operators with the same instanton numbers. 
Family: P 2 ,a <8> (1 — z)~ 3a , where 



Pa,2 ■ = 



Ra® Z 

z I 



-3a 



*I i+3a ®z 3a+ i(l-z) 3a -*)*l 



-3a 



16 z? 4 + z (-32 4 - 64 3 + 192 3 a - 63 tf 2 - 272 V 
+ z ( 1920 a - 272 19 a 2 - 31 - 6 + 48 a - 96 a 2 ) 



288 iTa) 



+ z 2 (4 + 3 - 12 a) (0 + 1 - 2 a) (0 + 1 - 4 a) (4 i? + 5 - 12 a) 



Riemann scheme: 



' 




1 


oo 







-3a 


1 -a 


< 




3 a 


! > 





1 


— 3a 


5 
4 





1 


+ 3a 


1 + a 



H{P a ,2 <g> (1 - z)- Ja ) 



CY-operators: We seem to get operators of CY-typc in the following cases: 

i | 

source -4,-11,-44 60,-7635,307860 20,290,28820/3 

Again, replacing a by —a yields operators with the same instanton numbers. 
Irreducible right factors Ps{R) of A(i?) *h Ii, where the tuple of Jordan forms associated to the 
monodromy tuple of R is similar to J = (J(2), [7], [7], [5]), the non-apparent singularities of R 
are {0, — s, s, 00} and R $ C [z 2 , 0] . We only found CY-type operators of order four in the 
following two cases: 

First case: R = d 2 + z (4 - 32 d 2 + 32 0) + z 2 (640 + 1024 tf 2 + 2048 1?) - 8192 z 3 (2 + l) 2 

P 3 (R) = t? 4 + z (656 - 4096 i? 4 + 24576 1? 3 + 17408 z? 2 + 5120 tf) 

+ z 2 (8716288 - 33554432 i? 4 - 134217728 1? 3 + 46137344 2 + 41943040 •&) 

- z 3 (57176752128 - 137438953472 i? 4 + 274877906944 z? 3 + 807453851648 19 2 + 360777252864 1?) 
+ z 4 (281474976710656 1? 4 + 2251799813685248 1? 3 + 1759218604441600 d 2 ) 

+ z 4 (562949953421312 1? + 60473139527680) 

- 72057594037927936 z 5 (2 + l) 4 

The first three genus zero instanton numbers read —3488, —1406056, —1142687008. 
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Second case: 

R = tf 2 + z (36 - 288(tf 2 + «?)) - z 2 (11904 + 27648 d 2 + 55296??) + 884736 z 3 (3 d + 1) (3 $ + 2) 

P 3 (R) = d 4 + z (-10608 - 884736 1? 4 + 221184 d 3 + 49152 d 2 - 61440 1?) 

+ z 2 (-350355456 + 269072990208 tf 4 - 24461180928 tf 3 + 124004597760 tf 2 + 15627976704 1?) 

- z 3 (32462531054272512 d 4 + 24346898290704384 1? 3 + 20063647665487872 1? 2 ) 

- z 3 (5748573207527424^+ 632272604626944) 

+ 37396835774521933824 z 4 (3 i? + 1) (2 + if (3 + 2) 

The first three genus zero instanton numbers read -188832, -3134817768, -101990911789344. 

4.4. Resulting operators of order four with four singularities. We state for each of the 
families the operators of CY-type inside we found with the methods described before. For each 
of these operators, we have normalized the coordinate via z Xz in such a way that its 
q-coordinate lies in zX\z\ and is minimal in the sense that there is no N G N such that N m 
divides the m-th coefficient of the q-coordinate for all mgN. To identify the operators with 
previously known examples as collected in (AESZ051 Appendix A], the column source provides 
their first three genus zero instanton numbers as defined there. If the instanton numbers of two 
CY-type operators coincide, they can be locally transformed into each other, see e.g. |Bogl2| 
Proposition 3.4.9]. In case that all previously known operators with the same instanton numbers 
have more singularities than the one stated here, the numbers are written in italics. If the 
numbers are written boldly, none of the previously known operators has the same instanton 
numbers. 
Family: 

Qi(c,s,a) =i? 4 s- z(i? + a) (?9 + 1 - a) (?9 2 (1 + s) + t?(l + s) + c) 
+ z 2 (d + 2-a){d + l-a){d + l + a){d + a) 
Riemann scheme: 






Si 


S2 


00 











a 





1 


1 


1 - a 





1 


1 


1 + a 





2 


2 


2 - a 



CY-operators: We seem to get operators of CY-type if a € {^j^jIjI}- I n particular, we find 

Nr. Operator Source 

a = \ : 12,163,3204 
a = \: 21,480,15894 
o= \ : 52,2814,220220 
a=\: 372,136182,71562236 
a = \ : 20,277,8220 
a = \\ 36,837,41421 
a=\: 92,5052,585396 
a = i : 684, 253314, 195638820 



d 4 - z (7 ?? 2 + 7 d + 2) (i? + a) (i9 + 1 - a) 
-8z 2 (tf + 2-a)(i} + l-a)(d + l + a)(tf + a) 



d 4 - z (11 d 2 + 11 + 3) (1? + a) (<& + 1 - a) 
-z 2 (tf + 2 - a) (tf + 1 - a) (i? + 1 + a) (t? + a) 
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a 



4 - z (10 2 + 10 + 3) (0 + a) (0 + 1 - a) 
+9 z 2 (0 + 2 - a) (0 + 1 - a) (0 + 1 + a) (0 + a) 



: 16,142,11056/3 
o= | : 27,432,18089 
o= \ : 64,2616,246848 
a = i : 432, 130842, 78259376 















a= | : 16,42,1232 


1 

4 


4 - 


-4z(30 2 + 30 


+ 1) (0 " 


-a) (0+1 


— a) 


o= i : 24,291/2,5832 




+32 z 2 (0 


+ 2 - a) (0 + 1 


— a) (0 H 


- 1 + a) (0 


+ a) 


a = \: 48,998,73328 














a = ± : 240,57102,19105840 














a= | : 12,-42,-3284/3 


5 


4 - 


-3z(30 2 + 30 


+ 1) H 


-a) (0+1 


— a) 


a= | : 18,-207/2,-5177 




+27 z 2 (0 


+ 2 - a) (0 + 1 


— a) (0 H 


- 1 + a) (0 


+ a) 


a= | : 36,-477,-206716/3 














a=±: 180,-15615,-21847076 














a=\: 20,2,1684/3 


6 


4 - 


z(l70 2 + 170 


+ 6) (0 - 


-a) (0+1 


— a) 


a=\: 27,189/4,2618 




+72 z 2 (0 


+ 2 - a) 0? + 1 


- a) (0 - 


- 1 + a) (0 


+ o) 


a = \ : 44,607,22500 














a = ± : 108,54135,-4945756 



Family: 



Q 2 (c,8,X) = 4 4 s - z(20 + l) 2 (0 2 + 2 s + + s + 4 c) 
+ z 2 (2 + 3) (2 + 1) (0 + 1 + A) (0 + 1 - A) , 



Riemann scheme: 



2 

1 - A 
1 + A 

3 
2 



> . 



CY-operators: For A = \ we get operators of CY-type, which we have already constructed 
before and thus omit them in the following table. Despite that we find 



Number 



Operator 



Source 



1' 



2' 



3' 



4' 



5' 



4 4 - 2z(20 + l) 2 (7?9 2 + 70 + 3) 
+81 z 2 (2 + 1) (0 + l) 2 (2 + 3) 

4 4 - 2z(20 + l) 2 (Hi? 2 + 110 + 5) 
+125 z 2 (2 + 1) (0 + l) 2 (2 + 3) 

4 - z(20 + l) 2 (50 2 + 50 + 2) 
+16 z 2 (2 + 1) (0 + l) 2 (2 + 3) 

4 -2z(20 + l) 2 (30 2 + 30 + l) 
+4z 2 (20 + l)(0+l) 2 (20 + 3) 

4 4 + 6 z (2 + l) 2 (3 2 + 3 + 1) 
-27 z 2 (2 + 1) (0 + l) 2 (2 + 3) 



2,-7,-104 



2,4,-8 



4, 20, 644/3 



8,63,1000 



6,93/2,608 
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6' 



r 



4 d 4 - 2 z (2 + l) 2 (17 i? 2 + 17 d + 5) 
+z 2 (2t? + l)(tf + l) 2 (2tf + 3) 

4 tf 4 + 2 z (2 19 + l) 2 (13 d 2 + 13 19 + 4) 
-3 z 2 (2 d + 1) (3 + 2) (3 + 4) (2 + 3) 

tf 4 - 8 z (2 + l) 2 (5 19 2 + 5 + 2) 
+192 z 2 (2 + 1) (3 + 2) (3 + 4) (2 + 3) 

i? 4 - 4 z (2 + l) 2 (3 2 + 3 + 1) 
-16z 2 (2 0+ 1) (4 + 3) (4 + 5) (2 + 3) 



14,303/2,10424/3 
10,191/2,1724 
strange 
4,39,364 



10' 



4 -4z(20 + l) 2 (70 2 + 70 + 3) 4,7,556/9 



+48z 2 (20 + 1) (4i? + 3) (4i9 + 5) (20 + 3) 



Note that if we start with 8', we end up with an operator which seems to fulfill (Q) and (S) but 
admits no genus zero instanton numbers in 1 \jA ■ Actually, this is the only known example of 
this type. 
Family: 

Qa(si,s 2 , A, c) = 4 ( Sl - s 2 f -z{ax- s 2 f {{s 2 - 10 Sl s 2 + s 2 )(0 4 + 20 3 )) 
-z(si- s 2 f 2 ((s 2 + s 2 )(l + A - A 2 ) + 2s lS2 (A 2 + A - 12) + 2c( Sl + s 2 )) 
-z( Sl - s 2 f ((s 2 + s 2 )A(l - A) + 2s lS2 (A 2 + A - 7) + 2c(*i + s 2 )) 
s 2 ) 2 (sis 2 (A 2 - 3) + cA(si + s a ) + c 2 ) 



4z 2 Sl s 2 (0 + l) 2 (2(s 2 



4sis 2 

„2\ 



'IK* 2 



■21?)) 

4z 2 Sl s 2 (0 + l) 2 ({s\ + s 2 )(3 + A - 2A 2 ) + sis 2 (4A 2 + 2A - 13) + 2c(si + s 2 )) 
- 4z 3 s 2 s 2 : (0 + + 2 )( M + 3 + 2A)(20 + 3 - 2A) 
Riemann scheme: 



' 


1 


4s 


OO 








1 

2 


1 


< 


1 





2 - A > 
2 * 





1 


1 


| + A 





2 


3 
2 


2 



CY-operators: 
Number 



Operator 



Source 



: - z (28 + 145 4 + 290 3 + 285 2 + 140 0) 
+32 z 2 (194 2 + 388 + 327) (0 + l) 2 
-20736 z 3 (0 + 2) (0 + 1) (2 1? + 3) 2 

4 -z(l90 2 + 190 + 6) (7t9 2 + 7T9 + 2) 
+8z 2 (127 2 + 2540 + 224) (0 + l) 2 
-500 z 3 (0 + 2) (0 + 1) (2 7? + 3) 2 



5, 42, 454 



13, 128, 2650 
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4 + 2z (4 4 + 8 3 + 37 2 + 33 + 9) 
-36 z 2 (92 2 + 184 + 189) (0 + l) 2 
-20736 z 3 (0 + 2) (0 + 1) (2 + 3) 2 

4 + z (80 + 240 4 + 480 3 + 592 2 + 352 0) 
+2048 z 2 (6 1? 2 + 12 1? + 5) (0 + l) 2 
-65536 z 3 (0 + 2) (0 + 1) (2 + 3) 2 

4 + z (72 + 243 4 + 486 3 + 567 2 + 324 0) 
+5832 z 2 (3 2 + 6 19 + 4) (i? + l) 2 
+78732 z 3 (i9 + 2) (0 + 1) (2i? + 3) 2 

i9 4 + z (180 + 575 19 4 + 1150 19 3 + 1379 19 2 + 804 1?) 

+3168 z 2 (26 d 2 + 52 + 27) (0 + l) 2 
-20736 z 3 (0 + 2) (0 + 1) (2 + 3) 2 

4 + z (210 + 776 4 + 1552 3 + 1738 2 + 962 0) 
+324 z 2 (580 2 + 1160 + 747) (0 + l) 2 
+13436928 z 3 (0 + l) 2 (0 + 2) 2 

4 + z (310 + 1016 4 + 2032 3 + 2410 2 + 1394 0) 
+500 z 2 (532 2 + 1064 + 563) (0 + l) 2 
+4000000 z 3 (0 + l) 2 (0 + 2) 2 

4 + z (152 + 368 4 + 736 3 + 1020 2 + 652 0) 
-8192 z 2 (0 2 + 2 + 6) (0 + l) 2 
-9437184 z 3 (0 + l) 2 (0 + 2) 2 

4 - 16 z (6 2 + 6 - 1) (2 + l) 2 
-1024 z 2 (60 2 + 120 + 97) (0+ l) 2 
-2097152 z 3 (0 + l) 2 (0 + 2) 2 

d 4 - 18 z (12 2 + 12 + 5) (3 2 + 3 + 1) 
+2916 z 2 (36 2 + 72 + 55) (0 + l) 2 
-5038848 z 3 (0 + l) 2 (0 + 2) 2 

4 + z (-46 - 1144 4 - 2288 3 - 1590 2 - 446 0) 
-4 z 2 (2300 2 + 4600 + 3621) (0 + l) 2 
-18432 z 3 (0 + l) 2 (0 + 2) 2 

4 + z (126 + 419 4 + 838 3 + 985 2 + 566 0) 
+196 z 2 (250 2 + 500 + 301) (0 + l) 2 
+28812 z 3 (6 + 11) (6 + 7) (0 + 2) (0 + 1) 



10, 24, 664 



16, -no, 1744 



9, -72, 748 



37, -570, 15270 



10, -872, 18328 



66, -1780, 69048 



68, 204, 125636/3 



128,4084,382592 



90, 2196, 151648 



266, 19320, 11433160/3 



19, -276, 4455 
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Family: 



f z (-24 - 248 4 - 496 3 - 400 2 - 152 0) 
+64 z 2 (112 2 + 224 0+ 187) (0 + l) 2 
-1536 z 3 (6 + 11) (6 + 7) (0 + 2) (0 + 1) 

+ 2 (70 + 264 4 + 528 3 + 586 2 + 322 0) 
+100 z 2 (228 2 + 456 + 335) (0 + l) 2 
+40000 z 3 (4 + 5) (4 + 7) (0 + 2) (0 + 1) 

4 -2z(230 2 + 23 + 5) (2 + 1) 2 
-4 z 2 (380 2 + 760 + 657) (0 + l) 2 
-192 z 3 (4 + 5) (4 + 7) (0 + 2) (0 + 1) 



32, 460, 16288 



2, -44, 440 



26, 348, 103520/9 



Q 4 (si,s 2 ,c, A) = 40 4 ( Sl - s 2 ) 4 - z( Sl - s 2 f (4(s 2 - 10 Sl s 2 + s 2 )(0 4 + 20 3 )) 

- z(*i - s 2 ) 2 2 (5(s 2 + s 2 ) + 2 Sl s 2 (4A 2 - 45) + 8c(*i + s 2 )) 

- z(*i - s 2 ) 2 (s 2 + si + 2s lS2 (4A 2 - 25) + 8c(*i + s 2 )) 

- - s 2 ) 2 (sis 2 (3A 2 - 11) + 2c( Sl + sa) + 4c 2 ) 

- 4z 2 sis 2 (20 + 2 + A) (20 + 2 - A)(2(s 2 - 4sis 2 + s 2 2 )(d 2 + 20)) 

- 4 2 2 sis 2 (20 + 2 + A)(20 + 2 - A)(3(s 2 + s 2 ) + Sl s 2 (A 2 - 11) + 2c(«i + s 2 )) 

- 4z 3 s 2 s 2 l (20 + 2 + A) (20 + 2 - A) (20 + 4 + A) (20 + 4 - A) 
Riemann scheme: 



' 


1 


(s-1) 2 
4s 


\ 

OO 








1 

2 


1 - - 

x 2 


< 


1 





1+| > 





1 


1 


2-A 





2 


3 
2 


2+| , 



CY-operators: 
Number 



Operator 



Source 



2" 



3" 



4 - 2 (2320 4 + 4640 3 + 4228 2 + 1908 + 360) 
+1024 z 2 (4 + 5) (4 + 3) (97 2 + 194 + 144) 
- 1327104 z 3 (4 + 5) (4 + 7) (4 + 3) (4 + 9) 

i? 4 - z (2128 4 + 4256 3 + 3076 2 + 948 + 116) 
+ 16 z 2 (40 + 5) (40 + 3) (1016 2 + 2032 + 1585) 
-32000 z 3 (40 + 5) (40 + 7) (40 + 3) (40 + 9) 

4 + z (128 4 + 256 3 + 1288 2 + 1160 + 300) 
-144 z 2 (4 + 5) (4 + 3) (368 2 + 736 + 657) 
-1327104 z 3 (40 + 5) (40 + 7) (4 + 3) (40 + 9) 



196, 17212, 2993772 



-444, 57215, -19050964 



352, 18676, 15001120/3 
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5" 



6" 



7' 



9' 



10' 



?? 4 + z (3840 tf 4 + 7680 tf 3 + 9280 1? 2 + 5440 «9 + 1200) 
+32768 z 2 (4 t? + 3) (4^ + 5) (6 tS» 2 + 12 + 5) 
-4194304 z 3 (4i9 + 5) (4i5» + 7) (4i? + 3) (4?? + 9) 

?9 4 - z (3888 tf 4 + 7776 1? 3 + 8748 tf 2 + 4860 <9 + 1044) 
+11664 z 2 (4 + 3) (4 d + 5) (24 tf 2 + 48 i9 + 29) 
-5038848 z 3 (4tf + 5) (4i5» + 7) (4i? + 3) (4?? + 9) 

i9 4 + z (9200 1? 4 + 18400 ?9 3 + 21628 tf 2 + 12428 i? + 2712) 
+9216 z 2 (4 + 5) (4 d + 3) (143 tf 2 + 286 + 144) 
-1327104 z 3 (4 d + 5) (4 + 7) (4 i9 + 3) (4 d + 9) 

?9 4 - z (1000 1? 4 + 2000 d 3 + 1618 d 2 + 618 19 + 102) 
+12 z 2 (6 i9 + 5) (6 i9 + 7) (419 tf 2 + 838 1? + 647) 
-7056 z 3 (6 19 + 5) (6 + 13) (6 1? + 7) (6 1? + 11) 

tf 4 - z (1792 d i + 3584 tf 3 + 4192 d 2 + 2400 ■& + 528) 
+768 z 2 (6?? + 5) (6i? + 7) (31 ?9 2 + 62 19 + 34) 
-36864 z 3 (6 d + 5) (6 i9 + 13) (6 + 7) (6 19 + 1 1) 

tf 4 - z (912 ?9 4 + 1824 3 + 1796 d 2 + 884 i? + 180) 
+176 z 2 (8 1? + 7) (8 i9 + 9) (24 d 2 + 48 $ + 35) 
-6400 z 3 (8 + 17) (8 + 9) (8 i9 + 15) (8^ + 7) 

d 4 + z (1520 tf 4 + 3040 tf 3 + 3628 d 2 + 2108 ■& + 468) 
+48 z 2 (8 + 9) (8 d + 7) (184 $ 2 + 368 + 183) 
-2304 z 3 (8 d + 17) (8 ?? + 9) (8 ?? + 15) (8 + 7) 



480, -16536, 4215904 



252,-19512,1162036 



964, -111140, 85888580/3 



166, 8076, 1016100 



-128, -5148, -263808 



60, 960, 61780 



124, -3752, 2152276/9 



Family: 

Q 6 (*i, «a, c, A) = 16s 2 s 2 tf 4 - 4 Sl s 2 z(8(si + s 2 )(tf 4 + 2z9 3 )) 

- 4siS2Zi9 2 (2(si + s 2 )(a - a 2 + 9) + 8c) 

- 4sis 2 z^ (2(si + s 2 )(o - a 2 + 5) + 8c) 

- 4sis 2 z ((si + s 2 )(a - a 2 + 2) + 4c(a 2 - a + 1)) 
+ z 2 (I6(s 2 + 4s lS2 + s 2 )(tf 4 + 4tf 3 )) 

+ z 2 d 2 (4(s 2 + s\)(2a - 2a 2 + 23) + 32sis 2 (a - a 2 + 15) + 32c(si + s 2 )) 

+ z 2 i? (8(s 2 + s 2 2 ){2a - 2a 2 + 7) + 64sis 2 (a - a 2 + 7) + 64c(si + s 2 )) 

+ z 2 ((s 2 + s^)(a 4 - 2a 3 - 7a 2 + 8a + 12) + 2sis 2 (84 + 20a - 21a 2 - a 4 + 2a 3 )) 

+ z 2 (8c(si + s 2 )(a 2 - a + 4) + 16c 2 ) 

- 2z 3 (2tf + 3) 2 (4(si + s 2 )(tf 2 + 3t?)) 

- 2z 3 (2tf + 3) 2 ((si + s 2 )(3a - 3a 2 + 11) + 4c) 
+ z 4 (2j? + 3)(2i? + 5)(2i9 + 3 + 2a)(2?9 + 5 - 2a) 
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Riemann scheme: 
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1 
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OO 





1 


1 


3 


2 


2 


2 
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1 > 





1 


1 


| + a 





3 
2 


3 
2 


f-a ^ 



CY-operators: We seem to get CY-operators if a € {5,5, |, g}- To be more precise, we find 



Nr. Operator Source 





16t? 4 - 8z (56tf 4 + 112z9 3 + (132 + Ua(l - aj)d 2 )) 










-Sz ((76 + 14o(l - o))i? + 17 + 4o(l - a)) 


a = 


1 

2 


-20,199,5924 




+4z 2 (l432i? 4 + 5728z? 3 + (10670 + 716a(l - a))tf 2 ) 


a = 


1 


-33,1095/2,29693 


1 


+4z 2 ((9884 + 1432o(l - o))i?) 


a = 


1 

4 


-76,2958,415420 




+4z 2 (64a 3 - 32a 4 - 868a 2 + 836a + 3681) 


a = 


1 

6 


-492, 128514, 136094428 




-324 z 3 (2 + 3) 2 (28 d 2 + 84 ■& + 21 a(l - a) + 80) 










+6561 z 4 (2 d + 5) (2 7? + 3) (2 + 3 + 2 a) (2 ■& + 5 - 2 a) 










16 1? 4 - 8z (88 ?9 4 + 176 1? 3 + 2(104+ lla(l - a))i? 2 ) 










-8z (2(60 + llo(l - a))i9 + 27 + 6a(l - a)) 


a = 


1 

2 


28,-28,-1036 




+4z 2 (2936tf 4 + 117440 3 + (20822 + 1468a(l - a))i? 2 ) 


a = 


1 
3 


45, -585/4, -7080 


2' 


+4z 2 ((18156 + 2936a(l - o))t?) 


a = 


1 

4 


100,-1285,-126580 




+4z 2 (8a 3 - 4a 4 - 1612a 2 + 1608a + 6417) 


a = 


1 

(i 


612, -81525, -51318900 




-500 z 3 (2 + 3) 2 (44 tf 2 + 132 7? + 33o(l - a) + 126) 










+ 15625 z 4 (2 1? + 5) (2 + 3) (2 + 3 + 2 a) (2 + 5 - 2 a) 










t? 4 - z(40tf 4 + 8O1? 3 + (94 + 10a(l - a))i? 2 ) 










-z((54 + 10a(l - o))i? + 12 + 3a(l - a)) 


a = 


1 

2 


-32, -284, -8736 




+3z 2 (l76tf 4 + 7O40 3 + (1188 + 88a(l - a))i? 2 ) 


a = 


1 
3 


-54, -864, -40552 


3' 


+3z 2 ((968 + 176a(l-a))tf) 


a = 


1 

4 


-128,-5232,-1546624/3 




+3z 2 (3a 4 - 6a 3 - 89a 2 + 92a + 320) 


a = 


1 
6 


-864, -261684, -147560800 




-32 z 3 (2 t? + 3) 2 (20 1? 2 + 60 + 15 a(l - a) + 57) 










+256 z 4 (2 + 5) (2 d + 3) (2 d + 3 + 2 a) (2 + 5 - 2 a) 










i? 4 - 2z (24i9 4 + 48i? 3 + (56 + 6a(l - a))d 2 ) 










-2z ((32 + 6o(l - a))d + 7 + 2a(l - a)) 


a = 


i 

2 


48, -922, 32368 




+4z 2 (l52z9 4 + 6O80 3 + (926 + 76o(l - a))tf 2 ) 


a = 


1 
3 


84, -5313/2, 148820 


4' 


+4z 2 ((636 + 152a(l-a))tf) 


a = 


1 

4 


208, -15150, 1863312 




+4z 2 (8a 4 - 16a 3 - 64a 2 + 72a + 169) 


a = 


1 

(i 


1488, -705102, 5 17984 144 



-16 z 3 (2 + 3) 2 (l2 19 2 + 36 13 — 9 a 2 + 34 + 9 a) 
+16 z 4 (2 ■& + 5) (2 § + 3) (2 d + 3 + 2 a) (2 + 5 - 2 a) 



24 



MICHAEL BOGNER AND STEFAN REITER 



16tf 4 + 24z (24i? 4 + 48?? 3 + (56 + 6a(l - a))i?)) 
+24z ((32 + 6a(l - o))i? + 7 + 2a(l - a)) 
+4z 2 (l080i? 4 + 4320i? 3 + (5670 + 540a(l - a))tf 2 ) 
5 ' +4z 2 ((2700+ 1080a(l-a))i?) 

+4z 2 (108a 4 - 216a 3 - 324a 2 + 432 + 225) 
-324 z 3 (2 d + 3) 2 (12 tf 2 + 36 ?? + 9a(l - a) + 34) 
+729 z 4 (2 t? + 5) (2 + 3) (2 + 3 + 2 a) (2 + 5 - 2 a) 
16i? 4 - 8z (l36z9 4 + 272t? 3 + (316 + 34a (1 - a))i? 2 ) 
-8z ((180 + 34o(l - a))tf + 39 + 12a(l - a)) 
+4z 2 (4632tf 4 + 18528tf 3 + (27342 + 2316a(l - a))i? 2 ) 
6 ' +4z 2 ((17628 + 4632a(l-a))?9) 

+4z 2 (288a 4 - 576a 3 - 1860a 2 + 2148a + 4209) 
-4 z 3 (2 + 3) 2 (68 19 2 + 204 ?9 + 51o(l - a) + 192) 
+z 4 (2i? + 5) (2i? + 3) (2tf + 3 + 2a) (2 t5» + 5 - 2a) 
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a = \ : 36, -765, 62596/3 
a=\: 63, -2205, 96866 
a=\: 156, -12588, 1229332 
a = i :1116, -587268, 349462868 



a=\: -76, -2002, -92996 

a=\: -135,-22815/4,-417685 

a=\: -340, -31985, -15174100/3 

a = i : -2484, -1446309, -1327731388 



